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Remark. Let G = (V, E) be a weighted graph with nonnegative weights (w(e) > 0 Ve € E) such
that all edge-weights are different (Ve # €’ in E, w(e) # w(e’)). Then the minimum spanning tree of
G is unique.

You can use this fact without further justification for solving this exercise sheet.

Exercise 12.1  MST practice (1 point).

Consider the following graph

a) Compute the minimum spanning tree (MST) using Boruvka’s algorithm. For each step, provide the
set of edges that are added to the MST.

b) Provide the order in which Kruskal’s algorithm adds the edges to the MST.

c) Provide the order in which Prim’s algorithm (starting at vertex a) adds the edges to the MST.

Exercise 12.2  Ancient Kingdom of Macedon.

The ancient Kingdom of Macedon had N cities and M roads connecting them, such that from one city,
you can reach all other N — 1 cities. All roads were roman roads i.e. stone-paved roads that did not



require any maintenance and no two roads were of the same length. With the technological develop-
ments in the Roman Kingdom, a new type of carriage was developed, called the Tesla Carriage, which
was much faster than all the alternatives in the Ancient Macedon Kingdom. However, the Tesla Car-
riage required asphalt roads to operate, and such roads had to be maintained every year, or otherwise
the asphalt would wear off, rendering the road unusable as if it was a roman road.

With the effort to modernise the kingdom, Phillip II promised the Ancient Macedonians that he will
provide them with asphalt roads by paving some of the existing roman roads, such that every two cities
can be reached through a Tesla Carriage. The price to pave a roman road or maintain an asphalt road is
equal, and is proportional to the length of the road. To save money Phillip II decided to pave sufficient
roman roads to fulfil his promise, while minimizing the overall yearly maintenance price.

Even in the first years, the new Tesla Carriages improved the lives of the average Ancient Macedonians,
but at the same time, they also provided means for robbers to commit crimes and escape to another
city. To resolve this, Phillip IT decided to create checkpoints the second year, one at each asphalt road.
Each of the checkpoint will have a fixed cost for both building and maintenance.

Assuming a fixed price k for each checkpoint, does Phillip IT have to consider paving new roman roads,
or he can maintain the same set of roads in order to make sure that the overall maintenance price of
the roads and the checkpoints is still minimal? Prove your reasoning, or provide a counter example.

Note: For simplicity, assume that the roman roads were paved all at once, on the first day of the year,
and maintenance will be done the same day next year, again all at once. Also assume that checkpoints
can also be built at once for all roads, as well a they can be maintained all at once in a day.

*Exercise 12.3  Spanning Forest with 2 components (2 points).

Let G = (V, E) be a connected edge-weighted graph in which all weights of the edges are different
and positive. Consider the following two algorithms, which take G, the weights of all edges, and two
different vertices u,v € V as input.

Algorithm 1

Run Kruskal’s algorithm to get a minimum spanning tree 7" = (V, E).
Find the unique path 7 from u to v in 7.

Find the edge e of maximal weight among edges in 7.

Remove e from T to get a graph H = (V, Ep \ {e}).

return

Algorithm 2

M «+ {u,v}

EM <—®

while M # V do
AM = {{wo,wl} el :wye M,w; € V\M}
Find the edge {wp, w1} € AM of minimal weight.
Ey < Epy U {{wo, w1 }}
M+~ MU {U)l}

return H = (M, Eyy)

Prove that the two algorithms return the same graph.



Hint: Consider the graph G’ which is obtained from G by adding an edge e( of weight 0 between u and v (if
the edge {u,v} already exists, then simply decrease its weight to 0). Try to relate the two given algorithms
on G to algorithms that you know from the lecture on G'.

Exercise 12.4  Counting walks.

Recall that a walk of length k in a graph G = (V, E) is a sequence of vertices vg, vy, . .., vj such that
for 1 < i < k there is an edge {v;_1,v;} € F.

Consider the adjacency matrix representation of a graph G = (V, E), with V' = {vy,...,v,}. The
adjacency matrix A contains number of walks of length 1 (= edges), i.e., A;; = 1 if {v;,v;} € E and
A;j = 0 otherwise. Similarly, A* contains the number of walks of length k in its entries (see Exercise
9.5.).

a) Provide an efficient algorithm that given an adjacency matrix A and an integer k > 1 computes A*
using only matrix multiplications.

b) Determine the number of matrix multiplications required by your algorithm in © notation. Justify
your answer.



